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COMMON QUESTION IN OPTIMIZATION

Worst-case performance of an optimization method M on
min f(x)
X

where f € F has some properties (smoothness, convexity, ...)?
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COMMON QUESTION IN OPTIMIZATION

Worst-case performance of an optimization method M on
min f(x) + g(Mx)

where f € F has some properties (smoothness, convexity, ...)?

M F

Example: Worst-case performance of gradient method on L-smooth convex functions
after N iterations?

performance
— = L 1
f(XN) _f* < §2N+1

In this work

Worst-case performance of methods involving linear operators?
(Chambolle-Pock method, Condat-Vi method, PDFP, PD30, PAPC, ADMM, etc.)



PERFORMANCE ESTIMATION PROBLEM (PEP)

Theoretical and practical framework to analyze exact performance of opti-
mization methods on problem classes.

- [Drori and Teboulle, 2014] «Performance of first-order methods for smooth...»

- [Taylor, 2017] «Convex interpolation and performance estimation of first-order..»
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Theoretical and practical framework to analyze exact performance of opti-
mization methods on problem classes.

- [Drori and Teboulle, 2014] «Performance of first-order methods for smooth...»

- [Taylor, 2017] «Convex interpolation and performance estimation of first-order..»

Gradient method

+ PEP Exact worst-case

performance

fo) = f* < o

Class of L-smooth convex
functions




PEP IS WELL DEVELOPED: AROUND 40 RESEARCHERS

Decentralized
optimization
[Colla, Hendrickx, 2022]

GM on smooth
hypoconvex
[Rotaru, Glineur,
Patrinos, 2022]

Continuous-time
models
[Moucer, Taylor, Bach,
2022]

PEPit
[Goujaud, Moucer,
Glineur, Hendrickx,

Taylor, Dieuleveut, 2022]

Optimal GM for
smooth strongly
convex

[Taylor, Drori, 2022] Fast proximal point [Drori,

GM = Gradient method

[Taylor, Bach, 2021]

[Gorbunov, Loizou,

Analysis of methods and frameworks

Halper iteration
[Lieder, 2021]
Splitting methods
[Ryu, Taylor, Bergeling,
Giselsson 2020]

Proximal GM
[Taylor, Hendrickx,
Glineur, 2018]

Maximal monotone
inclusion
Stochastic [Gu, Yang, 2020]

optimization

GM on smooth

strongly convex

[Taylor, Hendrickx,
Glineur, 2017]

GM exact line search

GM on smooth convex
[de Klerk, Glineur,

Extragradient [Drori and Teboulle, 2014]

method
Inexact GM

[de Klerk, Glineur,
Taylor, 2020]

PESTO
[Taylor, Hendrickx,
Glineur, 2017]

Gidel, 2020]

Methods on convex functions
with quadratic upper bound
[Goujaud, Taylor, Dieuleveut,
2022]

Bregman methods
[Dragomir, Taylor,
d'Aspremont, 2021]

Optimization of methods

Non linear conjugate
gradients
[Gupta, Freund, Sun,
Taylor, 2023]

Difference of convex

[Abbaszadehpeivasti, de
Klerk, Zamani, 2021]

Taylor, 2017] Gradient descent-
ascent method
[Zamani, de Klerk,

Abbaszadehpeivasti, 2022]

Monotone variational
inequality
[Gu and Yang, 2022}

ADMM
[Abbaszadehpeivasti, de
Klerk, Zamani, 2022]

method

Coordinate descent method
[Shi, Liu, 2016]
[Kamri, Hendrickx, Glineur, 2022]
[Abbaszadehpeivasti, de Klerk,
Zamani, 2022]

GMon functions with lower restricted
secant inequality and upper error bound
[Guille-E: et, Ibrahim,
Mitliagkas, 2022]

Optimal first-order

Optimal methods for non-
smooth and smooth FISTA methods for convex and
convex Kelley’s - [Kim, Fessler, 2018] nonconvex
Taylor, 2020] il Optimized GM for [Gupta, Van Parys, Ryu,
method method sr'nooth convex 2022]
[Kim, 2021] [Drori, Teboulle, 2016] (i esslen20 1]

ADMM = Alternating Directions Method of Multipliers
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PERFORMANCE ESTIMATION PROBLEM



INPUT = OPTIMIZATION METHOD + PROBLEM CLASS
OUTPUT = WORST INSTANCE IN PROBLEM CLASS

Example:
- N steps of gradient method X4 = x; — { Vf(x))
- L-smooth convex functions f

PEP

max xn) — f(x*
points x;,x*, function f f( N) f( )

st. f L-smooth convex,

1
Xip1 = Xj — [Vf(X,-),

|]x* — Xol|* <1,

VX2 =
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INPUT = OPTIMIZATION METHOD + PROBLEM CLASS
OUTPUT = WORST INSTANCE IN PROBLEM CLASS

Example:
- N steps of gradient method X1 = x; — { Vf(x))
- L-smooth convex functions f

PEP solved outputs (for N =3 and L = 1)

- Worst performance: f(xy) — f* = %(Z %72,\,1“)

+ Worst function:

0.15

— Worst function
o Iterations z;
o Optimal point x*

0.1

0.05




PEP AS FINITE-DIMENSIONAL PROBLEM

f infinite-dimensional but only access to x;, f(x;), Vf(x;) ... black-box property!
PEP

max xn) — f(x*
points x;,x*,function f f( N) f( )
s.t. f L-smooth convex,
1
Xip1 = Xj — 7 VI,

|Ix* — xo||> <1,

VA2 =



PEP AS FINITE-DIMENSIONAL PROBLEM

f infinite-dimensional but only access to x;, f(x;), Vf(x;) ... black-box property!
PEP

max N =f

points X, x* fi.f*,g1,9"
st 3f L-smooth convex:  f(x;) =fi, Vf(x) = gi,
fx*) =1, VAx*)=g",
Xix1 = Xi — 79,
|IX* = Xol> < 1,
lg*l? =o.
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PEP AS FINITE-DIMENSIONAL PROBLEM
f infinite-dimensional but only access to x;, f(x;), Vf(x;) ... black-box property!
PEP
max fn  —=F

points X;,x*.fi,f*,g;,g*

1
st. Ji foe+gl(></—Xk)+i\|gi—gkl|2,

Xig1 = Xi — 1Gis
X" = Xo|* <1,
lg*l> =o.
- Reformulation 1: Explicit interpolation conditions;

- Reformulation 2: Lift to convex semidefinite program (efficiently solvable!)



CURRENTLY FORMULABLE PEP

Interpolation conditions for L-smooth convex functions

Given {(thhﬁ)’~--7(XN79NafN)}'

fxi) =1, Vi

~if,and only if,
Vf(x;)) =g, Vi

3 L-smooth convex f such that {

1 .
fi > fe + gh(xi — Xe) + ngi — gell*> V(i R).

We say that {(x1, 915f1)y - oy (XN gN,fN)} is L-smooth-convex-interpolable.



CURRENTLY FORMULABLE PEP

Interpolation conditions for L-smooth convex functions

Given {(thhﬁ),~--7(XN79NafN)}'

fxi) =1, Vi

~if,and only if,
Vf(x;)) =g, Vi

3 L-smooth convex f such that {

1 .
fi > fr + 9L(Xi — Xk) + ngi —gell®> V(i R).

; ; T T T
Linearin fi, Xi gk, X; Xk, 99k

We say that {(x1, 915f1)y - oy (XN gN,fN)} is L-smooth-convex-interpolable.

Interpolation conditions must be convex in  fi, x'gr. x/xe. glge.
(Otherwise, we cannot solve the PEP for the class of interest).




PERFORMANCE ESTIMATION PROBLEM
FOR LINEAR OPERATORS




EXTENDING PEP TO LINEAR OPERATORS

Goal: Extend and exploit PEP to analyze methods applied to mXin F(x) where
F involves linear operators.

F(x) Possible method Iterations
g(Mx) Gradient descent Xipr = X — IMTVg(Mx;)
IxTQx (= 2j@3x)  Gradient descent Xipq = X; — 2Qx;
Vg = X; — TMTu;
£x) + g(Mx) Cchambolle-Pock i1 = Proxgg) (X —TM'u))
[Chambolle and Pock, 2011] Uiy1 = DProX,gs() (Ui + oM(2xj41 — X;))

What is missing in PEP to analyze such problems?
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Goal: Extend and exploit PEP to analyze methods applied to mXin F(x) where
F involves linear operators.

F(x) Possible method Iterations
g(Mx) Gradient descent Xipr = X — IMTVg(Mx;)
IxTQx (= JliaixP)  Gradient descent Xipq = X; — 2Qx;
£x) + g(Mx) Cchambolle-Pock X = Proxgyg ) (x — MU}
[Chambolle and Pock, 2011] Uiy1 = DProX,gs() (Ui + oM(2Xj41 — Xi))

What is missing in PEP to analyze such problems?

Interpolation conditions for linear operators! ]
7




DECOMPOSING THE ITERATION

- Gradient method on mXin g(Mx): Xjy1 = Xj — ?MTVg(Mx,-)
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DECOMPOSING THE ITERATION
- Gradient method on min g(Mx): Xjyq = X; — %MTVg(MX,-) or equivalently

( . . .
Vi = Mx; New interpolation conditions

vi = M"u;  New interpolation conditions

\

- Chambolle-Pock method on mXinf(x) + g(Mx) :
Xiz1 = Dprox.q) (X —7Mu;)
Uipr = ProXsg«(y (Ui + oM(2Xj11 — Xi))

Also requires New interpolation conditions.



INTERPOLATION CONDITIONS AS CONVEX SEMIDEFINITE CONSTRAINTS

Definition (£, -interpolability)
{(X1,y1), e (XN,yN)} and {(u1,v1), e (uN,vN)} are L;-interpolable if, and
only if,

yi =Mx;, Vi,

IM With oma(M) < L : |
vi =MTu;, Vi



INTERPOLATION CONDITIONS AS CONVEX SEMIDEFINITE CONSTRAINTS

Definition (£, -interpolability)
{(X1,y1), e (XN,yN)} and {(u1,v1), e (uN,vN)} are L;-interpolable if, and
only if,
i = Mx; Vi,
IM with omm(M) <L = 47 00T
vi =MTu;, Vi

Theorem (£ -interpolation conditions)

{(X1,y1), s (xN,yN)} and {(u1, Vi) (uN,vN)} are Ly-interpolable if and
only if,

XV = YU,

YTY < 12X7X,

Vv < 120U,

where X = (x1 -+ Xn), Y= == yn), U= (U1 --- uy)and V.= (vq --- vy).



INTERPOLATION CONDITIONS FOR SYMMETRIC LINEAR OPERATORS

Definition (So,.-interpolability)
{(X1,y1)7 e (XN,yN)} is So,.-interpolable if, and only if,

3Q symmetricwith0 < Q X LI : y; =Qx; Vi.

Theorem (S, -interpolation conditions)

{(xq,y1), e (XN,yN)} is So,.-interpolable if, and only if,
XY = Y'X,
YI(LX — Y) = 0,

where X = (x; --- xy) and Y= (y1 -+~ Yn).

Remark: Similar result for skew-symmetric matrices.



INTERPOLATION CONDITIONS FOR SYMMETRIC LINEAR OPERATORS

Definition (S, -interpolability)
{(X1,y1)7 e (XN,yN)} is 8, -interpolable if, and only if,

3Q symmetric with ul < Q < LI : y;=Qx; Vi.

Theorem (S, -interpolation conditions)

{(xq,y1), e (XN,yN)} is 8,,.-interpolable if, and only if,
XTY = YTX,
(Y — w)T(LX = Y) = 0,

where X = (x; --- xy) and Y= (y1 -+~ Yn).

Remark: Similar result for skew-symmetric matrices.



INTERPOLATION CONDITIONS FOR HOMOGENEOUS QUADRATIC FUNCTIONS
Q.. = {f(x) = 1xX’Qx,Q = Q", ul X Q < LI}

Definition (Q,,, -interpolability)

{(X1,Q1,f1), .. .,(xN,gN,fN)} is Q,, -interpolable if, and only if,
fi = IxTQx;, Vi,

3Q symmetric with ul < Q < LI : ,
gi = QX,‘, VI.

il



INTERPOLATION CONDITIONS FOR HOMOGENEOUS QUADRATIC FUNCTIONS
QuL = {f(X) = %XTQX7Q =Q",ul Q= LI}
Definition (Q,,, -interpolability)
{(thj,ﬂ), .. .,(XN,QN,fN)} is Q,, -interpolable if, and only if,
= 1xTQx;, Vi
3Q symmetric with ul < Q < LI : fi = 2x @, )
gi = QX,‘, VI.

Theorem (Q,, ;-interpolation conditions)

{(X%gq,ﬂ), e (XN,QN,fN)} is Q. -interpolable if, and only if,

X'G = G'X,
(G — wX)T(LX = G) = 0,
fi = %X,Tgi VI,

where X = (x; --- xy) and G = (g1 --- gy).

il



INTERPOLATION CONDITIONS FOR HOMOGENEOUS QUADRATIC FUNCTIONS
QuL = {f(X) = %XTQX7Q =Q",ul Q= LI}
Definition (Q,,, -interpolability)

{(xhgq,]ﬂ), .. .,(XN,QN,fN)} is Q,, -interpolable if, and only if,
f,‘ = %XI»TQX,', Vi,

3Q symmetric with ul < Q < LI : .
gi = QX,', VI.

Theorem (Q,, ;-interpolation conditions)

{(x17gq,f1)7 e (x,\,,g,\,,f,\,)} is Q. -interpolable if, and only if,

X'G = G'X,
(6 — uX)"(LX — G) = 0,
fi = %X,Tgi Vl,

where X = (x; --- xy) and G = (g1 --- gy).

[ Allows to use PEP on the class of quadratic functions!




EXPLOITATION OF LINEAR OPERATORS

INTERPOLATIONS

1 GRADIENT METHOD ON g(Mx)

2 GRADIENT METHOD ON 1xQx

3 CHAMBOLLE-POCK METHOD ON f{(x) + g(Mx)




SIMPLEST PROBLEM miny F(X) INVOLVING LINEAR OPERATOR

Function class: C" = {F(x) = g(Mx), g is Lg-smooth pg-strongly convex, 0 < ||M|| < Lu}
Gradient method (GM): X;, 1 = X; — — VF(x;)

LoL3,

12



SIMPLEST PROBLEM miny F(X) INVOLVING LINEAR OPERATOR

Function class: C" = {F(x) = g(Mx), g is Lg-smooth pg-strongly convex, 0 < ||M|| < Lu}
Gradient method (GM): xj 1 = X; — ﬁV:’:(X,’)
gtm
Parameters: Ly = Ly =1, g = 0.1, kg = ’[—j [[Xo — x*||> <1, ho(rg, N)
Worst-case performance of N = 10 iterations (GM) for varying h € [0, 2]

*
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Observations:



SIMPLEST PROBLEM miny F(X) INVOLVING LINEAR OPERATOR

Function class: C," = {F(x) = g(Mx) g is Lg-smooth pug-strongly convex, 0 < [[M|| < Ly}
Gradient method (GM): X;,; = X; — » LZ VF( )
Parameters: Ly = Ly =1, g = 0.1, kg = g, [[Xo — x*||> <1, ho(rg, N)

Worst-case performance of N = 10 iterations (GM) for varying h € [0, 2]

s L, 1% Kq L, L2
,‘210-1, Ny 2 Kky—14+(1—kgh)2N (1 — h) N\\) 4
2
&
§1027 2 ho ]
%‘ LgLM Kg 7
<Lé 1073 | 2 | KJg—l—l—(l—K)g‘ho)_QN‘ ! | | \
0 0.2 0.4 0.6 0.8 1 12 14 16 18 2

Observations:

3 (identified) regimes;
12



SIMPLEST PROBLEM miny F(X) INVOLVING LINEAR OPERATOR

Function class: C" = {F(x) = g(Mx), g is Lg-smooth pg-strongly convex, 0 < ||M|| < Lu}
Gradient method (GM): xj 1 = X; — ﬁV:’:(X,’)

9=m
Parameters: Lg = Ly =1, g = 0.1, g = 2, |[Xo — X*||> <1, ho(r5g, N)

Worst-case performance of N = 10 iterations (GM) for varying h € [0, 2]

*

~
\
—~ 101k 2 e ‘ 4
= 10 e, ..I;gLM -smooth convex functions Fo,L,12, E
-, Il.....
Yy A
R ..'.... ........""l'llllnllllll.ll
2102k ttvaa, 5
E g ......... ..
= F . Swy
2 2 ay L
E | LgLM‘ —smoot‘h ugLM‘ -conve>‘( functl?ns j:ugf'?wagLﬁf | --..._...: |
10°
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Observations: L

- 3 (identified) regimes;

* Ace(F,2 LJL?A) < Ace(COM ) < [—\CC(}—O)L,’_L%&); 1z

/ pgslg



SIMPLEST PROBLEM miny F(X) INVOLVING LINEAR OPERATOR

Function class: Cgﬂg ={F(x) = g(Mx) g is Lg-smooth pg-strongly convex, 0 < ||M|| < Lu}
Gradient method (GM): xj 1 = X; — L L2 VF( )
Parameters: Ly = Ly =1, g = 0.1, kg = g, [[Xo — x*||> <1, ho(rg, N)

Worst-case performance of N = 10 iterations (GM) for varying h € [0, 2]

=
&
Ry
=001 1
Q
[+]
=
¢ (Zoom)
| | | |
1.55 16 1,65 17 1.75 2
. h
Observations:
3 (identified) regimes; - Information on structure improves optimal step;

© Acc(F, QL/Z\/]’LQLZM) < ACC(CO’LMQ) < ACC(}—O,LQL/ZM); 12

I Hg-,L



SIMPLEST PROBLEM miny F(X) INVOLVING LINEAR OPERATOR

Function class: Cgﬂg = {F(x) = g(Mx) g is Lg-smooth pg-strongly convex, 0 < ||M|| < Lu}
Gradient method (GM): xj 1 = X; — L L2 VF( )

Parameters: Ly = Ly =1, ug = 0.1, kg = 22, ||x0 — X*||* <1, ho(kg, N)

Worst-case performance of N = 10 iterations (GM) for varylng h e [0 2]

*

F

0,Lyr
—_—
CuJ,Lg

Ll - .
—Cg; 1, With M symmetric e

-
o
T

Accuracy F(xy
)
I
1

! ! ! ! ! ! ! ! !
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
h

_\
S
w
o

Observations:

3 (identified) regimes; - Information on structure improves optimal step;

* Aco(F,uz 1) < Aco(Cott ) < Ace(Fyy,z); - Symmetry has no impact. 12



PERFORMANCE OF (GM) ON QUADRATIC FUNCTIONS

Function class: Q,,; = {F(x) = 3x'Qx, ul = Q = L, Q= Q"}(= Dﬂj’ﬂ)

Gradient method (GM): X, = x; — 2V F(x))

Notations/parameters: L =1, u = 0, ||xo — X*[|? < 1

Worst-case performance of N = 10 iterations (GM) for varying h € [0, 2]
I I I I I I I

*

£

)4
-
o

T

(4

a .
ten,, : L-smooth convex functions F,

Eag
Smgy
LR N B
n
.--..--------r------
...I..I

L-smooth convex quadratics Q,, 1.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Accuracy F(zy
3
I
1

A
S
w
o

Observations:
- 3 (identified) regimes; - Information on structure improves optimal step.
© Acc(Qpu1) < Ace(FpuL); 13



ANALYZING A SOPHISTICATED ALGORITHM

Problem: min f(x) + g(Mx) where f, g convex, proximable, 0 < ||M|| < Lu

X; = xi — TMTu;
Chambolle-Pock (CP) method: { a Prox,g) (i = 7M'u;)
Uipr = Proxgg.() (Ui + oM(2Xizq — X))



ANALYZING A SOPHISTICATED ALGORITHM

Problem: min f(x) 4+ g(Mx) where f, g convex, proximable, 0 < ||M|| < Lu

X; = xi — TMTu;
Chambolle-Pock (CP) method: { a Prox,g) (i = 7M'u;)
Uipr = Proxgg.() (Ui + oM(2Xizq — X))

[ Convergence results available but implicit and technical assumptions




ANALYZING A SOPHISTICATED ALGORITHM

Problem: min f(x) 4+ g(Mx) where f, g convex, proximable, 0 < ||M|| < Lu

X; = xi — TMTu;
Chambolle-Pock (CP) method: { a Prox,g) (i = 7M'u;)
Uipr = Proxgg.() (Ui + oM(2Xizq — X))

Convergence results available but implicit and technical assumptions

Examples of assumptions:

- Existence of sets containing all iterations [Chambolle and Pock, 2011];
- Bound depending on the instance of the problem [Chambolle and Pock, 2016];

- Bound depending on the distance from initial to last point [Amir Beck, 2022].



ANALYZING A SOPHISTICATED ALGORITHM

Problem: min f(x) 4+ g(Mx) where f, g convex, proximable, 0 < ||M|| < Lu

X; = xi — TMTu;
Chambolle-Pock (CP) method: { a Prox,g) (i = 7M'u;)
Uipr = Proxgg.() (Ui + oM(2Xizq — X))

[ Convergence results available but implicit and technical assumptions

Examples of assumptions:

- Existence of sets containing all iterations [Chambolle and Pock, 2011];
- Bound depending on the instance of the problem [Chambolle and Pock, 2016];

- Bound depending on the distance from initial to last point [Amir Beck, 2022].

[ PEP uses classical explicit assumptions to unify performance guarantees.




EXPLICIT ASSUMPTION AND PERFORMANCE CRITERION OF CHOICE

Problem: minf(x) + g(Mx) where f, g convex, proximable, 0 < ||M|| < Lw, bounded subgradient

X; = xi — TMTu;
Chambolle-Pock (CP) method: { a Prox,g) (i = 7M'u;)
Uipr = Proxgg.() (Ui + oM(2Xizq — X))
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EXPLICIT ASSUMPTION AND PERFORMANCE CRITERION OF CHOICE

Problem: minf(x) + g(Mx) where f, g convex, proximable, 0 < ||M|| < Lw, bounded subgradient

; — —MTy:
Chambolle-Pock (CP) method: {X'“ DT ) (6 = )
U1 = ProXyg«(y (Ui + oM(2Xi11 — Xi))
Parameters: Ly =7 =0 =1, uu = 0, ||xo — X*|| <1 lluo — u*|]2 < 1, F(x) = f(x) + g(Mx)
Worst-case performance of (CP) for varymg number of |terat|ons N

—Average iteration F( SN &) — Fr
==Last iteration = F(xy) — F*
—Best iteration r{un F(z;) — F*
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TAKE-HOME MESSAGES

State-of-the-art

o PEP gives exact worst-case performance of optimization methods

Contribution

e Extend PEP to methods/functions involving linear operators (by obtaining
interpolation conditions)

¢ Analyze Gradient and Chambolle-Pock methods

Future steps

o Analyze methods (e.g. PDFP, CV, PD30, ADMM) on
Fi(e) = f@) + o(Ma),  Fy(e) = (@) + 527Qs, Fy(a) = g(Me)

o Represent Hessian as linear operator to analyze second-order methods

Interpolation Conditions for Linear Operators and Applications to PEP
Preprint: https://arxiv.org/abs/2302.08781
Nizar Bousselmi (nizar.bousselmi@uclouvain.be)


https://arxiv.org/abs/2302.08781
nizar.bousselmi@uclouvain.be

WORST-CASE PERFORMANCE OF (GM) ON 7, | AND S%"}"

Worst-case performance of (GM) on 7, ,

LR? K
< PRI
Fixy) — FF < 5 max{ﬁ_1+(1_ﬁh)_2N,(1 ) }

where k = £.

Worst-case performance of (GM) on S[fg”fgm

. Lol R? KgQt
F(xn) — F Sgéﬂmax{ J h 2N,(T—h)zl\’}
kg — 1+ (1 — Kgah)
where kg = ’Z—j KM = and o = pIOJ[,{ ] ( ) for hg solution of

(1= 1g)(1 = p1gho)™ ' =1— (2N + 1)ugho

0< hg < ig



WORST-CASE FUNCTIONS OF (GM) ON F,,; AND Sﬁﬁ@”

Ly 4 ({ — X| = (5272, i x| > T,
Let q(x) = 11 and £, (x) = {12 (1= mmunldd = (5) 7op T IXI 2 T

2
X else,

where

— 2
Tuh = u—1+(1—ph)=2V"

Worst-case functions of (GM) on F,,; (x = £) [Taylor, Hendrickx, Glineur, 2017]

832+ (L= wmepld = (552) 72 X2 T,

L
2

Lg(x) = 5x? and Le, p(x) = ,
X else,

R K
where 7, = PRI
Worst-case functions of (GM) on Sﬁy’LLgM (kg = ’L‘—s, rm = ) [Bousselmi,
Hendrickx, Glineur, 2023]
LoLma(x) = % (Lux)? and
B (LuMx)? + (Lg — pg) LM, g ILuMX| — (LFTH” LMMT,ig’Mzh it Xl > 7 mzns

Y (LuMx)? else,

— g — ; ho
where 7, y2p = T CHT e and M = Proj,,, (\/ H )

%wWaan—{



PRACTICAL PROBLEMS INVOLVING LINEAR OPERATORS

- €p-regularized robust regression (p = 1,2)
min [|Mx — bl + [Ix|13
- ¢1-constrained least squares

min{[Mx — b| 3.

lIxllr < c,
- Basis pursuit

min |||,
X

Mx = c,

- Total variation deblurring

min [[Mix — bl[3 + |[Max||1,

- Resource allocation

min F(x),

Mx = c.



METHODS WITH LINEAR OPERATORS (miny f(x) + g(Mx) + h(x), g, h PROXIMABLE AND f SMOOTH)

+ Primal-Dual Fixed Point (PDFP) [Chen et al, 2016] - Alternating Direction Method of Multipliers

% = prox,, (x; — TVf(x) — T™M'u;) (ADMM) [Gabay and Mercier, 1976]:
U = prox, g« (Ui + oMX), ,
X = prox,, (X — TVf(x;) — TM"u) Xit1 € arg ming f(X) + FMix + May; — ¢ + %Zf J
T ’ . 2
A ) Yo € srgminy Q)+ EMits -+ My — C + 127,
Uipr = Ui + pi(u — uj). Zis = Zi + p(MiXis + Mayiis — ),
- Condat-Vu (CV) [Condat, 2013, Vu, 2013] solves miny f(x) + g(y) st. Mix 4+ Moy = c.
x = prox,, (X — 7Vf(x;) — TMu;), - Proximal Alternating Predictor-Corrector
U = prox,g. (Ui + oM(2x - X)), (PAPC) [Drori et al, 2015]
Xip1 = Xi + pi(X — Xi), pier =X — T (My; + VX)),
Uipr = Ui + pi(U — uj).

Yiq1 = Proxy, (yi + MTD!’M) )
- Primal-Dual Three-Operator Splitting (PD30) Xis1 = Xi — T(MYi1 + VX)),

X = prox_p, (Xi),

U = proxX,g. (Ui + oM(2x — x; — TVf(x) — TM'uy)) ,
Xiv1 = Xi + pi(X — x; — TVf(X) — 7M'u),

Ui = Ui + pi(u — uj).

solves miny max, f(x) + x"My — h(y).



PROOF OF NECESSITY

Theorem (L-matrix-interpolation conditions)

{(xi, i) }izr,. N, and {(u;, v))}j=1... v, are L-matrix-interpolable if, and only if,
XV =Y,
YTY < 12XTX,
Vv < 12UTU,

where X = (x1 -+ xn,), Y=01 -+ yn,), U= (U1 -+ un,) and V.= (vq --- vy,).

Proof.
Necessity: Let {(x;,V;)}i=1..n, and {(u;,vj)}j=1....n, L-matrix-interpolable.

& IM with omax(M) < L - yi = Mx; and v; = M'u; Vi,j
& IMwith MM < ?land MMT < 1] : Y=MXand V=M"U
= XMTU=X"MU, XM'MX=<L°XX, UMM'U=<L?UTU
——" N—— N—_—— ——
XV YTU YTy VTV



PROOF OF SUFFICIENCY IN SHORT

X'V =Yy,
Let (X, Y, U, V) satisfying < Y'Y < [2XTX, then,
Vv < 12U,
- Step 1: 3(Xg, Yr, Ur, V&) building the same Gram matrices, i.e.
(XV)T(XV) = (X& V&) (Xr V&),
(Y U)'(Y U) = (Yr UR)(Yr Ug),

. Yr = MgXg,
and such that IMg with omax(Mg) < L:
Vg = MRUR.
- Step 2: If (X, Y, U, V) and (Xg, Yg, Ug, Vr) build the same Gram matrices, then,
M
—
. Xgr VR) = Ri(X V), Y = RyMgRq X,
3Ry, Ry unitary : Xz Vr) 1) therefore, . MTR 1

(Yr Ug) = Ry(Y U), —_
V = RIMER, U.
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